Abstract -We show how fractal time series can naturally emerge from an input signal, which might be also random noise, when processed by some allometric mechanisms. In particular, we introduce and study the properties of allometric low and high-pass filters. We also argue that in nature pure monofractal signals could be unphysical, while bi-scaling signals might be extremely common, a fact that might be due to allometric geometrical constraint. Finally, we suggest how allometric physical mechanisms could give an approximative interpretation of the fractional calculus.
Introduction. -Innumerable physical, geophysical, biophysical and econophysical phenomena have been classified as complex and their patterns described by appropriate scaling laws and scaling exponents [1] [2] [3] [4] [5] . Herein we argue that a large set of these physical observations easily emerge because complex systems might often process much simpler stimuli, and the complexity of the response depends on both the properties of the input and the complexity of the processing mechanism.
Indeed, chaotic complex behavior emerge even from randomly polarized pulses processed by simple filters under time reversal [6] . However, time reversal is not physical. We show that allometric filters and relaxation processes, which should be quite common in nature, might indeed let fractal patterns naturally emerge from simpler signals, such as random fluctuations. These filters produce bi-scaling patterns that suggest candidate explanations for the generating mechanisms. Furthermore, such allometric filters might help disentangle the complexity of the forcing input signal from the complexity of the processing mechanism producing the final output.
Hurst [7] first observed long-range fractal correlation in a Nile River minima series. Later, Mandelbrot [1] introduced fractal signals as those characterized by a power spectrum fulfilling the following scaling property
at all frequencies ω > 0. The exponent β is a positive definite scaling exponent and it is related to the Hurst exponent as H = (1 + β)/2. The scaling exponent of fractal noise H can be evaluated, for example, with the Standard Deviation Diffusion Analysis (SDA) methodology, or other methodologies [8] , where the standard deviation D(t) of the diffusive process obtained by integrating the signal is determined to scale as
where t is the diffusive time. This growth of the meansquare value of the variate is called anamolous diffusion when the Hurst exponent is different from 0.5, which corresponds to a random or white noise. The case β > 0 or H < 0.5 corresponds to antipersistent noise; −1 < β < 0 or 0.5 < H < 1 corresponds to persistent noise; β = −1 or H = 1 corresponds to pink noise; β = −2 or H = 1.5 corresponds to random walk; and so on. Note, that while the quantities (1) and (2) are equivalent for pure monofractal signals, they are very different for more complex signals. In fact, the two functions stress the asymptotic scaling behavior of the signal in the complementary frequency and time domains, respectively. Thus, the power spectrum (1) emphasizes the scaling behavior of the signal at high frequencies (ω → ∞, t → 0), while the SDA (2) stresses the scaling behavior of the signal at low frequencies (t → ∞, ω → 0). Consequently, the exponentĤ = (1 + β)/2 estimated using power spectral data would describe an initial transition scaling behavior in the Hurst representation. Similarly, the exponentβ = 2H − 1 estimated using time series data would describe an initial transition scaling behavior in 30003-p1 the power spectrum representation. When H =Ĥ and β =β, the signal presents a bi-scaling behavior.
Multi-scaling, or more specifically, bi-scaling signals are quite common in nature. They are observed in heart rate variability signals [9, 10] , in DNA sequences [11] , in wind speed data [12] , precipitation and river runoff records [13] and in fluctuations of fatigue crack growth [14] . This peculiar bi-scaling property is addressed by some researchers, for example [15] , simply as a crossover behavior due, for example, to a hypothetical nonstationary effect, while the underling signals are assumed to be monofractal. As a consequence detrended fluctuation analysis [15] is sometimes adopted to evaluate the Hurst exponent of a sequence for the purpose of reducing or eliminating this bi-scaling pattern [11] by smoothing off the anomalous trends observed at the low-frequency part of the signal. However, such an approach might lead to a mistaken interpretation because the existence of a scaling crossover could also be due to multiple information levels. As a consequence, a hierarchy of exponents is needed instead of a single exponent, and one strategy for studying this hierarchy is presented herein.
Allometric filter models. -One approach to determining the response of a network to an external driver is by writing a set of dynamic equations for the response of the output to changes in the input. Another technique is to represent the dynamics by means of a memory kernel in an integral expression relating the input to the output of a network. This is the transfer integral representation
where f (t) and F (t) are the output and the input respectively, and the transfer function K(t) represents the internal dynamics of the network. One form of the transfer function is that of a low-pass filter, which is constructed from an RC-circuit with a relaxation constant given by τ = RC. This is described by the differential equation
where f i (t) and f o (t) are the input and output function respectively, and c is a constant. The simplest way to express the structure of the kernel is to exploit its convolution form and write the Fourier transform transfer function as
1+iωτ so that the output P o (ω) and the input P i (ω) spectra are related by
The form of eq. (5) shows that the network dynamics do not modify the input for ωτ 1, whereas it drives the output to zero for ωτ 1.
Another simple example is the high-pass filter, obtained from a differently configured RC-circuit and described by the differential equation
In this case the transfer function is
so that the input and output spectra are related by
It is clear from (7) that the network dynamics does not modify the input for ωτ 1, whereas it drives the output to zero for ωτ 1. These two filters, taken together, can selectively block or pass any band of frequencies important for the operation of a particular phenomenon.
The form of the transfer functions intuitively suggests how to construct an allometric or multiscale filter model. In fact, it might be possible to hypothesize a complex mechanism in which each time scale, as determined by the frequency ω, responds with a characteristic time response τ (ω). The scale-by-scale time responce function τ (ω) can easily be calculated for an unknown dynamic process once the input and output spectra are measured. For the high-pass filter the relationship would be
whereas the sign +/− refers to the low/high-pass filter, respectively. The dynamics can be expressed in terms of the transfer functions simply by introducing the frequency-dependent relaxation into (5) and (7) . Thus, such a scale-by-scale relaxation time response function τ (ω) would organize the input to carry out the function of the network and obtain the correct output signal. In the particular case in which f i (t) and f o (t) are discrete time sequences of length N , they might be written in a Fourier series representation where each component refers to a specific frequency band. Because eqs. (4) and (6) are linear, they can be generalized in their allometric representation as
and
with ω n = 2πn/N and n = 1, 2, . . . , N/2.
Fractal sequence models. -When the input signal is a monofractal noise with exponent β the output presents (5) and (7) with τ = 10.
a bi-scaling behavior with two scaling exponents α and β, see fig. 1 . This suggests that a bi-scaling signal might indeed be the result of a particular response of a physical system to a simpler mono-scaling stimulus. The two scaling indexes characterize both the input signal and the processing mechanism. Note that random walk signals, β = 2, and purely antipersistent alternating signals, β = −2, at least at some range of the spectrum, might easily emerge in nature as simple basic signals because they would be produced from random white noise β = 0 by direct low-pass or high-pass filter mechanisms. However, the limitations of the above simple models (7) and (5) are evident because they allow only one relation between α and β: α = β ± 2. However, by adopting a scale-by-scale relaxation time response function τ (ω) it is possible to obtain very complex outcomes that might cover a variety of fractal and multifractal behaviors.
Emergence of bi-fractal signals.
By using the allometric low-pass filter mechanism, if the power spectrum of the input is P i (ω) = ω −β and τ (ω) = τ 0 ω γ with γ = (α − β − 2)/2, the power spectrum of the output is
The transition between low-and high-frequency regimes depends on the value of τ 0 . In the case α > β (α < β) the allometric low-pass filter modifies the high-(low-) frequency component of the input; thus, the scaling exponent referring to high frequencies (small time scale) is always larger than the scaling exponent referring to low frequencies (large time scales). Because the input signal might be white noise, β = 0, the model suggests that physical mechanisms might easily process random fluctuations and obtain an inverse power law correlated output. In the specific case of a time series where the allowed frequencies fall within the range 2π/N ω π and with opportune values of the parameter τ 0 , a monofractal input signal with scaling exponent β is essentially transformed into an almost monofractal output signal with scaling exponent α. Figures 2 and 3 stress the bi-scaling transition from a time scale below which the strong correlations induced by the allometric mechanism are seen and above which where only the fractal property of the input signal survives as a function of τ 0 .
Under the same conditions, by using the allometric high-pass filter mechanism, if γ = (β − α − 2)/2, the power spectrum of the output signal is given by
30003-p3 The transition between low and high frequency regimes depends on the value of τ 0 and for α > β (α < β) the allometric high-pass filter modifies the high (low) frequency component of the input signal.
It is also possible to adapt the allometric filter in such a way that larger time scales are characterized by higher scaling exponent than smaller time scales. In fact, if we use the following allometric time response
For Figure 4 shows the SDA of three signals obtained with the allometric low-pass filter and with (13) with γ 0 as for the signals in fig. 2 and γ 1 = γ 0 + 1.
Are monofractal signals unphysical?.
According to eq. (8) the exact monofractal-into-monofractal transformation requires
, where if γ = α − β a monofractal sequence with scaling β is transformed into a monofractal sequence with scaling α. When ω γ < 1, τ (ω) has an imaginary value and consequently loses its interpretation as a physical time. If the input signal is white noise, β = 0, and α > 0 only the high frequency components of the signals, ω > 1, are modified by a real, that is, physical time response. Analogously, if α < 0 only the low-frequency components of the signals, ω < 1, are modified by a real time response. So, no physical allometric filter mechanism exists for producing pure monofractal signals. At most an outcome might approach the properties of a pure monofractal signal under particular conditions as shown in figs. 3 and 4. Note that by adopting the above scale-by-scale time response function the allometric filters function essentially as a fractional-calculus operator [16] .
Emergence of multi-fractal signals.
Allometric low and high-pass filter mechanisms can be iteratively combined, the parameters τ 0 and the exponent γ might Fig. 5 : Hölder exponent distributions [17] of three sequences of the same length. The input signal is random noise, whose Hölder exponent distribution is centered close to h0 = −0.5. The monofractal signal is obtained through the allometric lowpass filter with τ (ω) = 100 * ω γ with γ = −0.6 as the top signal in fig. 2 , whose Hölder exponent distribution is centered close to h0 = −0.1. The multifractal signal is obtained with τ (ω, t) = 100 * ω γ(t) with γ = −0.6 + 0.3 cos (2πt/N ), where N = 10 5 is the length of the signal. The Hölder exponent distribution for the latter signal is visibly wider than the other two as a consequence of its multifractal properties.
be time dependent, and/or the response τ (ω) might be a generic function of the frequency ω and might be time dependent. These combinations give rise to a large variety of output signals characterized by different scaling regimes that can also initiate multifractal signals, fig. 5 .
Conclusion. -Allometric mechanisms appear to be quite common in complex phenomena, where the properties of materials, network dynamics, and nonequilibrium thermodynamics display complexity. The behavior observed in complex phenomena, such as in the physiologic networks mentioned, indeed strongly depend on space/time scales involved. We have studied two kinds of allometric mechanisms, low-and high-pass filters that might indeed represent basic physical models underlying innumerable physical, biophysical and geophysical phenomena. Evidently, the same philosophy we have adopted herein can be extended to other complex physical mechanisms.
We have seen how a high degree of complexity might emerge even from random white noise if allometric mechanisms process the input. We determined that pure monofractal signals might not be physical because, for example, a geometric constraint can produce an imaginary time response in some frequency range. Thus, bi-scaling, or more complex signals appear to be more natural than do monofractal signals. The bi-scaling properties are indeed very important from a physical point of view because, as we have shown, they help disentangle the complexity of the forcing input signal from that of the processing mechanism producing the final output. Each of the separate mechanisms would be described by one of the two scaling exponents.
Finally, fractional-order partial differential equations [16] should be used to model anomalous diffusion and are necessary to address shortcomings with standard statistical methods when scaling properties are found in physical, geophysical, biophysical and econophysical phenomena. We suggest that allometric filter and relaxation mechanisms, as discussed herein, might give a physical meaning to these mathematical algorithms. Thus, we believe our theoretical findings can be used to obtain a deeper understanding of, and provide a mathematical formalization for, numerous complex physical phenomena. * * * NS thanks the Army Research Office for research support (grant W911NF-06-1-0323).
